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SECTION I 

10 marks 

Atempt Ques�ons 1 – 10 

Allow about 15 minutes for this sec�on 

Answer each ques�on on the mul�ple-choice page in your answer booklet. 

 

1 Which one of the following is 𝑖𝑖2019 simplified? 

 A. 𝑖𝑖 

B. −𝑖𝑖 

C. 1 

D. −1 

  

  

2 Consider the expansion of 

 

Which expression represents 𝑡𝑡𝑘𝑘?
 

 A. 𝑡𝑡𝑘𝑘 = 𝐶𝐶𝑘𝑘 
11 (11𝑥𝑥)𝑘𝑘(−8)11−𝑘𝑘 

B. 𝑡𝑡𝑘𝑘 = 𝐶𝐶𝑘𝑘 
11 (11)11−𝑘𝑘(−8)𝑘𝑘 

C. 𝑡𝑡𝑘𝑘 = 𝐶𝐶𝑘𝑘 
11 (11)𝑘𝑘(−8)11−𝑘𝑘 

D. 𝑡𝑡𝑘𝑘 = 𝐶𝐶𝑘𝑘 
11 (11𝑥𝑥)𝑘𝑘(−8)𝑘𝑘 
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3 A par�cle undergoing simple harmonic mo�on in a straight line has an accelera�on 

given by 𝑥̈𝑥 = 75 − 25𝑥𝑥, where 𝑥𝑥 is the displacement a�er 𝑡𝑡 seconds. Where is the 

centre of the mo�on? 

 A. 𝑥𝑥 = 0 

B. 𝑥𝑥 = 3 

C. 𝑥𝑥 = 5 

D. 𝑥𝑥 = 6 

  

  

4 The shaded region below is constructed by taking the intersec�ons of two other 

regions. 

 

 

 Which of the following best represents the two possible regions? 

A. |𝑧𝑧 − 1 + 𝑖𝑖| < 2 and −𝜋𝜋
4
≤ 𝑎𝑎𝑎𝑎𝑎𝑎(𝑧𝑧 − 1 + 𝑖𝑖) ≤ 𝜋𝜋 

B. |𝑧𝑧 − 1 + 𝑖𝑖| ≤ 2 and −𝜋𝜋
4

< 𝑎𝑎𝑎𝑎𝑎𝑎(𝑧𝑧 − 1 + 𝑖𝑖) < 𝜋𝜋 

C. |𝑧𝑧 + 1 − 𝑖𝑖| < 2 and −𝜋𝜋
4
≤ 𝑎𝑎𝑎𝑎𝑎𝑎(𝑧𝑧 + 1 − 𝑖𝑖) ≤ 𝜋𝜋 

D. |𝑧𝑧 + 1 − 𝑖𝑖| ≤ 2 and −𝜋𝜋
4

< 𝑎𝑎𝑎𝑎𝑎𝑎(𝑧𝑧 + 1 − 𝑖𝑖) < 𝜋𝜋 
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5 Which of the following lines is parallel to 𝑥𝑥 = 3 + 2𝑡𝑡,𝑦𝑦 = 2 − 𝑡𝑡, 𝑧𝑧 = 3 + 4𝑡𝑡? 

 A. 𝑥𝑥−2
5

= 𝑦𝑦−1
2

= 𝑧𝑧−5
3

 

B. 𝑥𝑥−2
1

= 𝑦𝑦−1
3

= 𝑧𝑧−5
−1

 

C. 𝑥𝑥−2
2

= 𝑦𝑦−1
−1

= 𝑧𝑧−5
4

 

D. 𝑥𝑥−2
5

= 𝑦𝑦−1
1

= 𝑧𝑧−5
7

 

  

  

6 It is given that 2 − 𝑖𝑖 is a root of 𝑃𝑃(𝑧𝑧) = 𝑧𝑧3 + 𝑎𝑎𝑎𝑎2 + 𝑏𝑏𝑏𝑏 + 20 where 𝑎𝑎 and 𝑏𝑏 are real 

numbers. Factorize 𝑃𝑃(𝑧𝑧) over the real numbers. 

 A. 𝑃𝑃(𝑧𝑧) = (𝑧𝑧 + 4)(𝑧𝑧2 + 4𝑧𝑧 + 5) 

B. 𝑃𝑃(𝑧𝑧) = (𝑧𝑧 + 4)(𝑧𝑧2 − 4𝑧𝑧 − 5) 

C. 𝑃𝑃(𝑧𝑧) = (𝑧𝑧 + 4)(𝑧𝑧2 − 4𝑧𝑧 + 5) 

D. 𝑃𝑃(𝑧𝑧) = (𝑧𝑧 − 4)(𝑧𝑧2 − 4𝑧𝑧 + 5) 
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7 Consider the following statement. 

“If it is raining, then there are grey clouds in the sky.” 

Which of the following is the contraposi�ve of this statement? 

 A. If there are grey clouds in the sky, then it is raining. 

B. If it is not raining, then there are no grey clouds in the sky. 

C. If it is raining, then there are no grey clouds in the sky. 

D. If there are no grey clouds in the sky, then it is not raining. 

  

  

8 At �me 𝑡𝑡, the posi�on vector of a par�cle is given by 𝑟𝑟
∼

(𝑡𝑡) = √𝑡𝑡 𝑖𝑖
∼

+ 𝑡𝑡−1
𝑡𝑡
𝑗𝑗
∼

. With what 

equa�on does this par�cle moves along the path? 

 A. 𝑦𝑦(𝑥𝑥2 + 1) = 1 

B. 𝑥𝑥(𝑦𝑦2 − 1) = 1 

C. 𝑦𝑦 = 𝑥𝑥2 − 1 

D. 𝑦𝑦 = 𝑥𝑥2−1
𝑥𝑥2  
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9 Consider the following definite integrals 

𝐼𝐼1 = �  
1

√4 − 𝑥𝑥2
  𝑑𝑑𝑑𝑑

1

2
 

𝐼𝐼2 = � cos(cos−1 𝑥𝑥)𝑑𝑑𝑑𝑑
1

0
 

𝐼𝐼3 = � sin−1 𝑥𝑥   𝑑𝑑𝑑𝑑
1

0
 

𝐼𝐼4 = �  𝑥𝑥 cos(𝑥𝑥2) cos(2𝑥𝑥2)    𝑑𝑑𝑑𝑑
𝜋𝜋
2

−𝜋𝜋2

 

 Which of the following correctly lists the values of these definite integrals in 

ascending order? 

A. 𝐼𝐼1, 𝐼𝐼2, 𝐼𝐼3, 𝐼𝐼4 

B. 𝐼𝐼4, 𝐼𝐼2, 𝐼𝐼3, 𝐼𝐼1 

C. 𝐼𝐼1, 𝐼𝐼4, 𝐼𝐼3, 𝐼𝐼2 

D. 𝐼𝐼1, 𝐼𝐼4, 𝐼𝐼2, 𝐼𝐼3 

  

  

10 𝑓𝑓(𝑥𝑥) is any con�nuous and differen�able func�ons over ℝ. 

Given 2 + 3𝑓𝑓(𝑥𝑥) = 𝑓𝑓(−𝑥𝑥) + 3 ∫ 𝑓𝑓(𝑥𝑥)1
−1 𝑑𝑑𝑑𝑑, what is the value of ∫ 𝑓𝑓(𝑥𝑥)1

−1 𝑑𝑑𝑑𝑑? 

 A. 2 

B. 1 

C. −1 

D. −2 
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SECTION II 

90 marks 

Atempt Ques�ons 11 – 16 

Allow about 2 hours and 45 minutes for this sec�on 

Answer each ques�on in your answer booklet. Start each ques�on on a new page. 

For ques�ons in Sec�on II, your responses should include relevant mathema�cal reasoning 

and/or calcula�ons. 

 

Ques�on 11 (15 marks) START A NEW PAGE 

(a) If 𝑧𝑧 = 3 − 𝑖𝑖 and 𝑤𝑤 = 1 + 2𝑖𝑖, find in the form 𝑎𝑎 + 𝑖𝑖𝑖𝑖, where 𝑎𝑎 and 𝑏𝑏 are real, the 

values of  

 

 (i) 𝑧𝑧 − 2𝑤𝑤  1 

 (ii) 𝑧𝑧𝑤𝑤  1 

 (iii) 𝑧𝑧
𝑤𝑤

  1 

    

(b) Find ∫ 𝑥𝑥
1+𝑥𝑥2 𝑑𝑑𝑑𝑑 1 

    

(c) (i) Express −2 + 2𝑖𝑖 in exponen�al form. 2 

 (ii) Hence, simplify (−2 + 2𝑖𝑖)8𝑘𝑘, where 𝑘𝑘 is an integer. 2 

    

Ques�on 11 con�nues on page 9 
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Ques�on 11 (con�nued) 

(d) A par�cle is experiencing simple harmonic mo�on along a straight line. At 

�me 𝑡𝑡 seconds, its displacement 𝑥𝑥 metres from a fixed point 𝑂𝑂 on the line 

is given by 

𝑥𝑥 = 8 cos2 𝑡𝑡 + 1 

 

 (i) Show that 𝑥̈𝑥 = −4(𝑥𝑥 − 5). 2 

 (ii) Find the centre and period of mo�on. 2 

    

(e) Evaluate ∫ 𝑥𝑥√𝑥𝑥 − 3𝑑𝑑𝑑𝑑4
3 . 3 

   

End of Ques�on 11 
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Ques�on 12 (16 marks) START A NEW PAGE 

(a) 
Find the size of the angle between the vectors �

5
3
2
� and �

−3
2
5
�, correct to the 

nearest degree. 

2 

    

(b) 
Prove the point �

8
12
−16

� does not lie on 𝑟𝑟
∼

= �
−1
0
1
� + 𝜆𝜆�

3
4
−5

� 
2 

    

(c) (i) Split 8
(𝑥𝑥+2)(𝑥𝑥2+4) into par�al frac�ons. 2 

 (ii) Hence, evaluate ∫ 8
(𝑥𝑥+2)(𝑥𝑥2+4)𝑑𝑑𝑑𝑑

2
0 . 3 

    

(d) Find the intersec�ons of the line 𝑟𝑟
∼

= 3 𝑖𝑖
∼

+ 2𝑗𝑗
∼
− 𝑘𝑘

∼
+ λ �2 𝑖𝑖

∼
− 𝑗𝑗

∼
− 2𝑘𝑘

∼
� with the sphere 

(𝑥𝑥 − 3)2 + (𝑦𝑦 − 2)2 + (𝑧𝑧 + 1)2 = 36. 

3 

    

(e) On the Argand diagram, vectors 𝑂𝑂𝑂𝑂�����⃗  and 𝑂𝑂𝑂𝑂�����⃗  represent the complex numbers 𝑧𝑧1 =

2 �cos 4𝜋𝜋
5

+ 𝑖𝑖 sin 4𝜋𝜋
5
� and 𝑧𝑧2 = 2 �cos 7𝜋𝜋

15
+ 𝑖𝑖 sin 7𝜋𝜋

15
� respec�vely. 

 

 (i) Show that ∆𝑂𝑂𝑂𝑂𝑂𝑂 is equilateral. 2 

 (ii) Express 𝑧𝑧2 − 𝑧𝑧1 in exact modulus-argument form. 2 

    

End of Ques�on 12 
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Ques�on 13 (14 marks) START A NEW PAGE 

(a) A par�cle is moving in simple harmonic mo�on in a straight line and its velocity is 

given by 𝑣𝑣2 = 6 − 𝑥𝑥 − 𝑥𝑥2 m/s, where 𝑥𝑥 is the displacement in metres. 

 

 (i) Find the two points between which the par�cle is oscilla�ng. 1 

 (ii) Find the centre of mo�on. 1 

 (iii) Find the maximum speed of the par�cle. 1 

 (iv) Find the accelera�on of the par�cle in terms of 𝑥𝑥. 1 

    

(b) Use the subs�tu�on 𝑡𝑡 = tan 𝑥𝑥 to find ∫ 𝑑𝑑𝑑𝑑
1+sin2𝑥𝑥

 3 

    

(c) Two ver�cal posts 𝐶𝐶𝐶𝐶 and 𝐵𝐵𝐵𝐵 stand on a horizontal plane 𝐴𝐴𝐴𝐴𝐴𝐴. 

Using 𝐴𝐴 as the origin, the vectors 𝑏𝑏
∼

 and 𝑐𝑐
∼

 represent the loca�ons of the top of each 

post, 𝐵𝐵 and 𝐶𝐶. 

2 

 

 

 

 Show that ∆𝐴𝐴𝐴𝐴𝐴𝐴 is right angled at 𝐴𝐴.  

    

Ques�on 13 con�nues on page 12 
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Ques�on 13 (con�nued) 

(d) Let 𝐼𝐼𝑛𝑛 = ∫ sin𝑛𝑛 𝑥𝑥 𝑑𝑑𝑑𝑑
𝜋𝜋
2
0 , where 𝑛𝑛 is a non-nega�ve number.  

 (i) Show that 𝐼𝐼𝑛𝑛 = (𝑛𝑛 − 1)∫ sin𝑛𝑛−2 𝑥𝑥 cos2 𝑥𝑥 𝑑𝑑𝑑𝑑
𝜋𝜋
2
0 , when 𝑛𝑛 ≥ 2. 2 

 (ii) Deduce that 𝐼𝐼𝑛𝑛 = (𝑛𝑛−1)
𝑛𝑛

𝐼𝐼𝑛𝑛−2, when 𝑛𝑛 ≥ 2. 2 

 (iii) Evaluate 𝐼𝐼4. 1 

    

End of Ques�on 13 
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Ques�on 14 (14 marks) START A NEW PAGE 

(a) Box 𝑚𝑚 has a mass of 4 kg and Box 𝑀𝑀 has a mass of 6 kg. The boxes are connected 

by a light inextensible string passing over a fric�onless pulley. Ini�ally, the boxes 

are at rest. A�er Box 𝑚𝑚 has travelled 𝑥𝑥 metres in an upwards direc�on, it is 

travelling at 𝑣𝑣 metres per second.  

3 

 

 

 

 
Prove that 𝑣𝑣 = �2𝑔𝑔𝑔𝑔

5
 

 

   

(b) Use mathema�cal induc�on to prove that  

𝑑𝑑𝑛𝑛

𝑑𝑑𝑥𝑥𝑛𝑛
(𝑥𝑥𝑥𝑥2𝑥𝑥) = 2𝑛𝑛−1(2𝑥𝑥 + 𝑛𝑛)𝑒𝑒2𝑥𝑥 

for 𝑛𝑛 ≥ 1. 

3 

   

Ques�on 14 con�nues on page 14 
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Ques�on 14 (con�nued) 

(c) A mass of 1 kg is falling under gravity (𝑔𝑔) through a medium in which the 

resistance to the mo�on is propor�onal to the square of the velocity. 

Let 𝑘𝑘 be the constant of propor�onality. 

 

 (i) Write an equa�on for the accelera�on of this mass. 1 

 (ii) 
Show that the mass reaches a terminal velocity given by 𝑣𝑣 = �𝑔𝑔

𝑘𝑘
 . 

1 

 (iii) Show that the distance it has fallen when it reaches a velocity 𝑣𝑣 m/s is given 

by  

𝑥𝑥 =
1

2𝑘𝑘
ln�

𝑔𝑔
𝑔𝑔 − 𝑘𝑘𝑘𝑘2� 

3 

    

(d) Prove by contradic�on, or otherwise, that for 𝑎𝑎 ≥ 2;  

√𝑎𝑎 + √𝑎𝑎 + 2 > √𝑎𝑎 + 8. 

3 

   

End of Ques�on 14 
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Ques�on 15 (15 marks) START A NEW PAGE 

(a) (i) Show that 1, 2 and 3 are the only posi�ve integers that sa�sfy 

𝑎𝑎2 + 𝑏𝑏2 + 𝑐𝑐2 = 14 

1 

 (ii) 
�

1
0
−1

� and �
3
4
5
� are the posi�on vectors of the points at the ends of a 

diameter of a sphere. 

 

  (𝛼𝛼) Find the centre and radius of the sphere. 2 

  (𝛽𝛽) Determine how many points, with integer coefficients, lie on the 

sphere (include the two given points). 

2 

    

(b) (i) Prove that  

�
𝑓𝑓(𝑥𝑥)

𝑥𝑥 �𝑓𝑓(𝑥𝑥) + 𝑓𝑓 �1
𝑥𝑥��

𝑎𝑎

1
𝑎𝑎

𝑑𝑑𝑑𝑑 = �
𝑓𝑓 �1
𝑥𝑥�

𝑥𝑥 �𝑓𝑓(𝑥𝑥) + 𝑓𝑓 �1
𝑥𝑥��

𝑎𝑎

1
𝑎𝑎

𝑑𝑑𝑑𝑑 

2 

 (ii) Hence evaluate 

𝐼𝐼 = �
sin𝑥𝑥

𝑥𝑥 �sin𝑥𝑥 + sin 1
𝑥𝑥�

2

1
2

𝑑𝑑𝑑𝑑 

3 

    

Ques�on 15 con�nues on page 16 
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Ques�on 15 (con�nued) 

(c) Let 𝑛𝑛 be an integer greater than 2. Suppose 𝜔𝜔 is an 𝑛𝑛th root of unity and 𝜔𝜔 ≠ 1.  

 (i) By expanding the le�-hand side, show that 

(1 + 2𝜔𝜔 + 3𝜔𝜔2 + 4𝜔𝜔3 + ⋯+ 𝑛𝑛𝑛𝑛𝑛𝑛−1)(𝜔𝜔 − 1) = 𝑛𝑛 

2 

 (ii) Using the iden�ty 1
𝑧𝑧2−1

= 𝑧𝑧−1

𝑧𝑧−𝑧𝑧−1
, or otherwise, prove that 

1
cos 2𝜃𝜃 + 𝑖𝑖 sin 2𝜃𝜃 − 1

=
cos𝜃𝜃 − 𝑖𝑖 sin 𝜃𝜃

2𝑖𝑖 sin 𝜃𝜃
 

provided that sin𝜃𝜃 ≠ 0. 

1 

 (iii) Hence, if 𝜔𝜔 = cos 2𝜋𝜋
𝑛𝑛

+ 𝑖𝑖 sin 2𝜋𝜋
𝑛𝑛

, find the real part of 1
𝜔𝜔−1

. 1 

 (iv) Deduce that 

1 + 2 cos
2𝜋𝜋
5

+ 3 cos
4𝜋𝜋
5

+ 4 cos
6𝜋𝜋
5

+ 5 cos
8𝜋𝜋
5

= −
5
2

 

1 

    

End of Ques�on 15 
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Ques�on 16 (16 marks) START A NEW PAGE 

(a) 𝛼𝛼 and 𝛽𝛽 are the roots of 𝑥𝑥2 − 2𝑥𝑥 + 4 = 0.  

 (i) Prove that 

𝛼𝛼𝑛𝑛 − 𝛽𝛽𝑛𝑛 = 𝑖𝑖2𝑛𝑛+1 sin�
𝑛𝑛𝑛𝑛
3
� 

3 

 (ii) Hence, find the value of 𝛼𝛼9 − 𝛽𝛽9. 1 

    

(b) (i) Use de Moivre’s theorem to show that 

tan 4𝜃𝜃 =
4 tan𝜃𝜃 − 4 tan3 𝜃𝜃

1 − 6 tan2 𝜃𝜃 + tan4 𝜃𝜃
 

3 

 (ii) Find the general solu�on of tan 4𝜃𝜃 = 1. 1 

 (iii) Hence find the roots of the equa�on 𝑥𝑥4 + 4𝑥𝑥3 − 6𝑥𝑥2 − 4𝑥𝑥 + 1 = 0 in 

trigonometrical form. 

2 

    

(c) It is known that the arithme�c mean of three numbers is greater than the 

geometric mean of those numbers, that is 

𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐
3

≥ √𝑎𝑎𝑎𝑎𝑎𝑎3  

 

 (i) Given that 𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐 = 𝑡𝑡 and (𝑎𝑎, 𝑏𝑏, 𝑐𝑐 > 0), prove that 

1
𝑎𝑎

+
1
𝑏𝑏

+
1
𝑐𝑐
≥

9
𝑡𝑡

 

3 

 (ii) Hence, given 𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐 = 1 and (𝑎𝑎, 𝑏𝑏, 𝑐𝑐 > 0), prove that 

�
1
𝑎𝑎
− 1� �

1
𝑏𝑏
− 1� �

1
𝑐𝑐
− 1� ≥ 8 

3 

 

End of paper 

 


















































